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Abstract
Recently Lunin and Maldacena used an SL(3, R) transformation of the AdS5×S5
background to generate a supergravity solution dual to a so-called β-deformation
of N = 4 super Yang-Mills theory. We use a T-duality-shift-T-duality (TsT) trans-
formation to obtain the β-deformed background for real β ≡ γ, and show that
solutions of string theory equations of motion in this background are in one-to-one
correspondence with those in AdS5×S5 with twisted boundary conditions imposed
on the U(1) isometry fields. We then apply the TsT transformation to derive a
local and periodic Lax pair for the bosonic part of string theory in the γ-deformed
background. We also perform a chain of three consecutive TsT transformations
to generate a three-parameter deformation of AdS5 × S5. The three-parameter
background is dual to a nonsupersymmetric marginal deformation of N = 4 SYM.
Finally, we combine the TsT transformations with SL(2, R) ones to obtain a 6 + 2
parameter deformation of AdS5 × S5.
1Also at Steklov Mathematical Institute, Moscow. frolovs@sunyit.edu
1 Introduction
In a recent paper [1], Lunin and Maldacena have found a supergravity background which
they have conjectured to be dual to a marginal deformation of N = 4 SYM sometimes
called a β deformation [2, 3, 4, 5, 6, 7, 8].
A relative simplicity of the Lunin-Maldacena supergravity background and the N = 1
superconformal theory makes the conjectured duality a new promising arena for studying
the AdS/CFT correspondence [9, 10, 11]. It is definitely worth to perform tests of the
duality by using methods and ideas developed for the simplest example of the AdS/CFT
correspondence between superstrings on AdS5×S5 andN = 4 SYM. One of such tests has
been already performed in [1], where the plane-wave limit of the β-deformed background
has been analyzed, and it has been shown that the spectrum of string theory in the pp-
wave coincides with the spectrum of BMN-type operators [12] in the β-deformed N = 4
SYM [6].
The BMN operators are dual to heavy semiclassical string states which can be analyzed
by means of semiclassical methods [13, 14]. It has been found in [15] that there is a large
class of multi-spin string solutions in AdS5 × S5 whose energies in a special scaling limit
admit an expansion in powers of the t’ Hooft coupling λ, and, therefore, can be compared
with perturbative anomalous dimensions of dual N = 4 SYM operators.
Computation of conformal dimensions of “long” N = 4 SYM operators became feasible
after it was realized in [16] that in the scalar fields sector the one-loop dilatation operator of
N = 4 SYM coincides with the Hamiltonian of an integrable spin chain, and, therefore, one
can use the Bethe ansatz for the chain to analyze the spectrum of the dilatation operator.
The integrability of the complete one-loop dilatation operator was then demonstrated in
[17], and the higher-loop integrability of N = 4 SYM was discussed in [18, 19, 20, 21, 22],
see [23] for a review and references.
The Bethe ansatz for the dilatation operator allowed to perform comparisons of field
theory and string theory results, first by matching energies of the explicitly known exam-
ples of multi-spin string solutions in AdS5×S5 with conformal dimensions of N = 4 SYM
operators [24, 25, 26, 27, 28, 29], and then in general by using the hidden relation of the
integrable structures of the semiclassical string theory and the spin chain describing long
SYM operators [30, 31, 32, 33, 34], see [35] for a review and references.
It is interesting to understand if similar comparisons can be performed for the Lunin-
Maldacena case. It is known that the one-loop dilatation operators in several sectors of
the β-deformed N = 4 SYM theory can be identified with Hamiltonians of integrable spin
chains [7, 8]. Thus, anomalous dimensions of primary operators in these sectors can be
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computed by means of the Bethe ansatz technique.
On the other hand, in the approach of [31], the integrability of string sigma model
played a crucial role in the proof of the one- and, especially, two-loop agreement and
three-loop disagreement [19] between string theory and gauge theory computations. The
Lax representation for superstring theory in AdS5 × S5 [36] allows one to derive a sys-
tem of singular integral equations called string Bethe equations [31, 34] which describes
multi-spin string states. At one- and two-loops of SYM perturbation theory the string
Bethe equations appear to be equivalent to the thermodynamic limit of the spin chain
Bethe equations, thus providing a proof of the matching of multi-spin string energies with
conformal dimensions of SYM operators.
Our aim in this paper will be to find a Lax representation for strings in the β-deformed
background for real β ≡ γ, which can be used to derive the string Bethe equations.
The β-deformed background was derived from AdS5 × S5 by using the SL(3, R) sym-
metry of type IIB supergravity compactified on a 2-torus. On the other hand, if the
parameter of the deformation is real, one can obtain the γ-deformed background from
AdS5×S5 by means of a T-duality transformation on a U(1) isometry variable ϕ1, a shift
of another isometry variable, followed by another T-duality on ϕ1 [1].
1 We will refer to the
chain of these transformations as a TsT-transformation. Then, the solution with complex
β is obtained by performing SL(2, R)s transformations of the 10-dimensional type IIB
supergravity.
In this paper we will discuss the TsT-transformation in detail. In section 2 we re-
derive the metric and the two-form field part of the Lunin-Maldacena background in
the real deformation parameter case by using the TsT-transformation, and show that
classical solutions of string theory equations of motion in their background are in one-
to-one correspondence with those in the AdS5 × S5 background with twisted boundary
conditions imposed on the U(1) isometry fields. An interesting property of the twist is
that it depends on the conserved U(1) charges of the model, and, therefore, the space of
solutions is divided into sectors characterized by the charges. There is no twist if all the
three charges are equal, J1 = J2 = J3, and, therefore, all (J, J, J) string solutions can be
obtained from usual periodic string solutions in AdS5 × S5.
In section 3 we apply the TsT transformation to derive a local and periodic Lax pair
for the bosonic part of string theory in the γ-deformed background.
In section 4 we discuss the Lax representation for the simplest reduction of the string
sigma model in the Lunin-Maldacena background to two-spin string states in R × S3γ .
These states are dual to operators from the simplest closed su(2)γ subsector of the γ-
1T-duality and shifts were used in [37] to derive Melvin-type solutions from flat space.
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deformed N = 4 SYM that consists of operators made out of two holomorphic scalars.
In section 5 we perform a chain of consecutive TsT transformations on each of the three
“natural” tori of S5 with different shift parameters γˆi to generate a nonsupersymmetric
deformation of AdS5 × S5 . If all the parameters γˆi are equal to each other the deforma-
tion reduces to the Lunin-Maldacena one. The three-parameter supergravity background
should be dual to a nonsupersymmetric but marginal deformation of N = 4 SYM, and
we discuss the scalar fields part of the deformed YM potential. Since a general Lunin-
Maldacena transformation can be symbolically written as S TsT S−1, where S denotes
an SL(2, R) transformation, we also get a 6+2 parameter solution from AdS5 × S5 by
performing three consecutive STsTS transformations on each of the three tori.
Our conclusions are summarized in section 6.
In Appendix A we present the T-duality transformation in the form used in this paper,
and in Appendix B we write down the 6 + 2 parameter deformation of AdS5 × S5 .
2 TsT-transformation
In this section we consider string theory sigma model action on AdS5 × S5 , and derive
the metric and the two-form field part of the Lunin-Maldacena background in the case
of real β ≡ γ by using a T-duality on one circle of S5, a shift of a second angle variable,
followed by another T-duality. It is sufficient to know only the dependence of the string
action on gmn and Bmn to use it for the semiclassical analysis of multi-spin string states.
Since the TsT-transformation involves only variables of S5 it is sufficient to consider
the S5 part of the string action that can be written in the form
˜˜S = −
√
λ
2
∫
dτ
dσ
2π
[
γαβ
(
∂αri∂βri + r
2
i ∂α
˜˜φi∂β
˜˜φi
)
+ Λ(r2i − 1)
]
. (2.1)
Here
√
λ = R2/α′, R is the radius of S5, Λ is a Lagrange multiplier, i = 1, 2, 3, and
γαβ ≡ √−h hαβ, where hαβ is a world-sheet metric with Minkowski signature. In the
conformal gauge γαβ = diag(−1, 1) but we do not fix the world-sheet metric in this
section. The action is invariant under the SO(6) group, and the three U(1) isometry
transformations are realized as shifts of the angle variables
˜˜
φi.
To derive the γ-deformed background it is convenient to make the following change of
variables [1]
˜˜
φ1 = ˜˜ϕ3 − ˜˜ϕ2 , ˜˜φ2 = ˜˜ϕ3 + ˜˜ϕ1 + ˜˜ϕ2 , ˜˜φ3 = ˜˜ϕ3 − ˜˜ϕ1 , ˜˜ϕ3 ≡ ˜˜ψ . (2.2)
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In terms of these new angle variables the action (2.1) takes the form
˜˜S = −
√
λ
2
∫
dτ
dσ
2π
[
γαβ
(
∂αri∂βri + gij ∂α ˜˜ϕi∂β ˜˜ϕj
)
+ Λ(r2i − 1)
]
, (2.3)
where the metric components gij are
g11 = r
2
2 + r
2
3 , g22 = r
2
1 + r
2
2 , g33 = 1 , (2.4)
g12 = r
2
2 , g13 = r
2
2 − r23 , g23 = r22 − r21 .
Then we make the T-duality transformation on the circle parameterized by ˜˜ϕ1. By using
the formulas collected in Appendix A, we get the action for the T-dual theory
S˜ = −
√
λ
2
∫
dτ
dσ
2π
[
γαβ (∂αri∂βri + g˜ij∂αϕ˜i∂βϕ˜j)− ǫαβ b˜ij∂αϕ˜i∂βϕ˜j + Λ(r2i − 1)
]
. (2.5)
Here ǫ01 = 1, the T-transformed metric g˜ and the skew-symmetric B-field b˜ij are given by
g˜11 =
1
r22 + r
2
3
, g˜22 =
r21r
2
2 + r
2
1r
2
3 + r
2
2r
2
3
r22 + r
2
3
, g˜33 = 1− (r
2
2 − r23)2
r22 + r
2
3
, g˜12 = g˜13 = 0 ,
g˜23 =
2r22r
2
3 − r21r22 − r21r23
r22 + r
2
3
, b˜12 =
r22
r22 + r
2
3
, b˜13 =
r22 − r23
r22 + r
2
3
, b˜23 = 0 .
The T-dual variables ϕ˜i are related to ˜˜ϕi as follows
ǫαβ∂βϕ˜1 = γ
αβ∂β ˜˜ϕi g1i ⇔ ∂α ˜˜ϕ1 = γαβǫβγ∂γϕ˜1 g˜11 − ∂αϕ˜i b˜1i , (2.6)
˜˜ϕ2 = ϕ˜2 , ˜˜ϕ3 = ϕ˜3 .
The relations (2.6) are satisfied only on-shell, that means that their consistency conditions
lead to the equations of motion for ˜˜ϕi and ϕ˜i.
Next, we make the following shift of the angle variable ϕ˜2
ϕ˜2 → ϕ˜2 + γˆ ϕ˜1 , (2.7)
where γˆ is any constant. After the shift the T-transformed metric g˜ acquires the following
form, g˜ij → G˜ij:
G˜11 = g˜11 + γˆ
2 g˜22 =
G−1
r22 + r
2
3
, G−1 = 1 + γˆ2 (r21r
2
2 + r
2
1r
2
3 + r
2
2r
2
3) ,
G˜22 = g˜22 , G˜33 = g˜33 , G˜12 = γˆ g˜22 , G˜13 = γˆ g˜23 , G˜23 = g˜23 ,
and the eq.(2.6) transforms into
∂α ˜˜ϕ1 = γαβǫ
βγ∂γϕ˜1 g˜11 − ∂αϕ˜i b˜1i − γˆ ∂αϕ˜1 b˜12 . (2.8)
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The final step is to make again the T-duality transformation on the circle parameterized
by ϕ˜1. This leads to the string action on the γ-deformed background
S = −
√
λ
2
∫
dτ
dσ
2π
[
γαβ (∂αri∂βri +Gij∂αϕi∂βϕj)− ǫαβBij ∂αϕi∂βϕj + Λ(r2i − 1)
]
.(2.9)
The variables ϕ˜i are related to the T-dual variables ϕi as follows
ǫαβ∂βϕ1 = γ
αβ∂βϕ˜i G˜1i − ǫαβ∂βϕ˜i b˜1i ⇔ ∂αϕ˜1 = γαβǫβγ∂γϕiG1i − ∂αϕiB1i , (2.10)
ϕ˜2 = ϕ2 , ϕ˜3 = ϕ3 .
The eqs.(2.6), (2.8) and (2.10) allow us to determine the following relations between the
angle variables ˜˜ϕi and the TsT-transformed variables ϕi:
∂α ˜˜ϕ1 =
(
g˜11G1i + γˆ b˜12B1i − b˜1i
)
∂αϕi −
(
γˆ b˜12G1i + g˜11B1i
)
γαβǫ
βγ∂γϕi , (2.11)
∂α ˜˜ϕ2 = ∂αϕ2 − γˆ B1i∂αϕi + γˆ G1iγαβǫβγ∂γϕi ,
∂α ˜˜ϕ3 = ∂αϕ3 .
The γ-deformed metric in (2.9) is given by
Gij = Ggij , if both i, j 6= 3 ; G33 = Gg33 + 9 γˆ2Gr21r22r23 .
It is easy to see from this form of the metric that in terms of the angle variables φi,
eq.(2.2), the action takes the following simple form
S = −
√
λ
2
∫
dτ
dσ
2π
[
γαβ
(
∂αri∂βri +Gr
2
i ∂αφi∂βφi + γˆ
2Gr21r
2
2r
2
3
(∑
i
∂αφi
)(∑
j
∂βφj
))
−2 γˆ G ǫαβ (r21r22∂αφ1∂βφ2 + r22r23∂αφ2∂βφ3 + r23r21∂αφ3∂βφ1)+ Λ(r2i − 1)] . (2.12)
It is in this form the gravity background was written in [1].
The relations (2.11) also acquire a very nice and symmetric form being rewritten in
terms of φi:
∂α
˜˜φ1 = G
(
∂αφ1 + γˆ
2 r22r
2
3
∑
i
∂αφi − γˆ γαβǫβγ
(
r22∂γφ2 − r23∂γφ3
))
, (2.13)
∂α
˜˜
φ2 = G
(
∂αφ2 + γˆ
2 r21r
2
3
∑
i
∂αφi − γˆ γαβǫβγ
(
r23∂γφ3 − r21∂γφ1
))
,
∂α
˜˜
φ3 = G
(
∂αφ3 + γˆ
2 r21r
2
2
∑
i
∂αφi − γˆ γαβǫβγ
(
r21∂γφ1 − r22∂γφ2
))
.
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In next section we use these relations to find the Lax pair for string theory on the γ-
deformed background.
To clarify the meaning of the relations (2.13) we compute the conserved U(1) isometry
currents for the string theories on the backgrounds under consideration
˜˜Jαi = −
√
λ r2i γ
αβ ∂β
˜˜φi , (2.14)
Jα1 = −
√
λ r21 γ
αβ G
(
∂βφ1 + γˆ
2 r22r
2
3
∑
i
∂βφi − γˆ γβρǫργ
(
r22∂γφ2 − r23∂γφ3
))
,
Jα2 = −
√
λ r22 γ
αβ G
(
∂βφ2 + γˆ
2 r21r
2
3
∑
i
∂βφi − γˆ γβρǫργ
(
r23∂γφ3 − r21∂γφ1
))
,
Jα3 = −
√
λ r23 γ
αβ G
(
∂βφ3 + γˆ
2 r21r
2
2
∑
i
∂βφi − γˆ γβρǫργ
(
r21∂γφ1 − r22∂γφ2
))
.
Comparing the relations (2.13) with the expressions for the currents (2.14), we see that
(2.13) is just a statement that the U(1) currents of strings on S5 are equal to those on
the γ-deformed background:
˜˜Jαi = J
α
i . (2.15)
We expect that the same relations hold for any two backgrounds related by a TsT trans-
formation.
To get more insight into the relations (2.15) let us consider them for the time and space
components. The time component J0i of the current J
α
i is just the momentum conjugated
to the angle variable φi, and the charge Ji is equal to the integral of J
0
i over σ:
pi = J
0
i , Ji =
∫
dσ
2π
J0i , ˜˜pi =
˜˜J0i ,
˜˜Ji =
∫
dσ
2π
˜˜J0i . (2.16)
Thus, the time component of the relations (2.15) says that the momenta do not change
under the TsT transformation:
˜˜pi = pi . (2.17)
To analyze the space component of the relations (2.15), ˜˜J1i = J
1
i , we express the time
derivatives ∂0φi ≡ φ˙i and
˙˜˜
φi through momenta pi and ˜˜pi, and substitute them into (2.15).
Then the relations ˜˜J1i = J
1
i take the following simple form
˜˜φ′1 = φ
′
1 + γ (p2 − p3) , (2.18)
˜˜
φ′2 = φ
′
2 + γ (p3 − p1) ,
˜˜
φ′3 = φ
′
3 + γ (p1 − p2) ,
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where
γ =
γˆ√
λ
is the deformation parameter that appears in field theory. Taking into account that φi
are angle variables, and integrating (2.18) over σ, we get the following twisted boundary
conditions for the U(1) variables ˜˜φi of the AdS5 × S5 theory:
φi(2π) − φi(0) = 2π ni , ni are integer winding numbers , (2.19)
˜˜
φ1(2π) − ˜˜φ1(0) = 2π (n1 + γ (J2 − J3)) ,
˜˜
φ2(2π) − ˜˜φ2(0) = 2π (n2 + γ (J3 − J1)) ,
˜˜φ3(2π) − ˜˜φ3(0) = 2π (n3 + γ (J1 − J2)) .
Since the equations of motion for the U(1) variables have the form ∂αJ
α
i = 0 , ∂α
˜˜Jαi = 0,
the relations (2.15) imply that if φi solve equations of motion for strings in the γ-deformed
background then ˜˜φi solve those in AdS5×S5 with the twisted boundary conditions (2.19)
imposed on
˜˜
φi, and vice versa. It is not difficult to check that the Virasoro constraints for
both models map to each other under the TsT transformation, and, therefore, the energy
of such a twisted string in AdS5 × S5 is equal to the energy of the corresponding string
in the γ-deformed background. The equivalence between closed strings in the γ-deformed
background and twisted strings in AdS5×S5 provides an efficient way of finding multi-spin
strings on the γ-deformed background by using the known results for the AdS5× S5 case
[15, 25]. In particular, many circular string solutions of [15, 25] formally satisfy string
equations for noninteger values of winding numbers ni, and, therefore, the corresponding
solutions of string equations for the γ-deformed background can be obtained just by
shifting the winding numbers of these circular strings by the twists (2.19). We also see
that if J1 = J2 = J3 then all the twists vanish, and, therefore, any solution with equal
charges J1 = J2 = J3 in the γ-deformed model can be obtained from a periodic solution
in AdS5 × S5 .2 Therefore, according to our discussion above, the energies of that string
states in the γ-deformed model and in AdS5×S5 are equal to each other. Note, however,
that the solutions are different because given a solution in AdS5 × S5 one should still
integrate (2.18) to find a solution in the γ-deformed model.
For completeness we rewrite the relations (2.18) in terms of the angle variables ϕi used
in [1]. We get
˜˜ϕ′1 = ϕ
′
1 + γ π2 , ˜˜ϕ
′
2 = ϕ
′
2 − γ π1 , ˜˜ϕ′3 = ϕ′3 . (2.20)
2It is interesting that as was found in [28] the energy of the 3-spin circular string [15] with J1 = J2 = J3
matches the conformal dimension of the dual CFT operator up to the 3-loop order. Generally, the
agreement persists only up to the 2-loop order [19].
8
Here πi are momenta conjugated to ϕi. They are related to pi as follows
π1 = p2 − p3 , π2 = p2 − p1 , π3 = p1 + p2 + p3 .
The twisted boundary conditions for the U(1) variables ˜˜ϕi of the AdS5 × S5 theory,
therefore, take the form:
ϕi(2π) − ϕi(0) = 2πmi , (2.21)
˜˜ϕ1(2π) − ˜˜ϕ1(0) = 2π (m1 + γ (J2 − J1)) ,
˜˜ϕ2(2π) − ˜˜ϕ2(0) = 2π (m2 + γ (J3 − J2)) ,
˜˜ϕ3(2π) − ˜˜ϕ3(0) = 2πm3 .
3 The Lax pair
In this section we use the known Lax representation for string theory on AdS5 × S5, and
the relations (2.13) to find a local Lax pair for string theory in the γ-deformed background.
Since the AdS5 part of the string action is not modified by the TsT-transformation we
can restrict our attention to the sigma model on S5.
A convenient parametrization of S5 is provided by unitary skew-symmetric SU(4) ma-
trices of the form (see, e.g. the second paper of [25]):
g =


0 X3 X1 X2
−X3 0 X∗2 −X∗1
−X1 −X∗2 0 X∗3
−X2 X∗1 −X∗3 0

 , detg = (|X1|2 + |X2|2 + |X3|2)2 = 1 . (3.1)
The equations of motion for the sigma model on S5 follow from the usual action for the
principal chiral field:
S =
∫
dτdσγαβTr
(
g−1 ∂αg g
−1 ∂βg
)
,
and can be written in the form
∂α(γ
αβRβ) = 0 , (3.2)
where we introduce the right current
Rα = g
−1 ∂αg .
The equations of motion (3.2) are equivalent to the zero curvature condition [38, 39, 40, 41]
[Dα , Dβ] = 0 , (3.3)
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where the Lax operator depending on a spectral parameter x is defined as
Dα = ∂α − R
+
α
2(x− 1) +
R−α
2(x+ 1)
≡ ∂α − Aα(x) . (3.4)
Here the self- and anti-self dual projections of Rα are given by
R±α = (P
±) βα Rβ, (P
±) βα = δ
β
α ∓ γαρǫρβ . (3.5)
The same equations of motion also follow from another Lax operator defined with the
help of the left current Lα = ∂αg g
−1
DLα = ∂α −
L+α
2(1− x) −
L−α
2(1 + x)
≡ ∂α − ALα(x) . (3.6)
The two Lax operators are related by the following gauge transformation
g−1DLαg = ∂α −
R+α
2( 1
x
− 1) +
R−α
2( 1
x
+ 1)
≡ ∂α − Aα( 1
x
) . (3.7)
The Lax operator (3.4) for the sigma model on S5 cannot be used to derive a local Lax
operator for the sigma model on the γ-deformed background, because it is not invariant
under the U(1) isometry transformations, and, therefore, has an explicit dependence on
the angle variables ˜˜φi. The dependence can be easily found if one notices that the matrix
g (3.1) can be represented in the following factorized form
g(ri,
˜˜
φi) = M(
˜˜
φi) gˆ(ri)M(
˜˜
φi) , Xi = ri e
i
˜˜
φi , (3.8)
where
M(
˜˜
φi) = e
˜˜Φ , ˜˜Φ =
i
2


˜˜φ1 +
˜˜φ2 +
˜˜φ3 0 0 0
0 − ˜˜φ1 − ˜˜φ2 + ˜˜φ3 0 0
0 0 ˜˜φ1 − ˜˜φ2 − ˜˜φ3 0
0 0 0 − ˜˜φ1 + ˜˜φ2 − ˜˜φ3

 ,
gˆ(ri) =


0 r3 r1 r2
−r3 0 r2 −r1
−r1 −r2 0 r3
−r2 r1 −r3 0

 , gˆ−1 = −gˆ . (3.9)
Using this representation, we get
Rα(ri,
˜˜
φi) = M
−1 Rˆα(ri, ∂
˜˜
φi)M ,
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where
Rˆα(ri, ∂
˜˜
φi) = gˆ
−1∂αgˆ + gˆ
−1 ∂α
˜˜Φ gˆ + ∂α
˜˜Φ = − gˆ∂αgˆ − gˆ ∂α ˜˜Φ gˆ + ∂α ˜˜Φ . (3.10)
It is clear that the dependence of the Lax connection Rα on the matrix M can be gauged
away3
Dα →M DαM−1 = ∂α − Rα , (3.11)
Rα = M AαM−1 − M ∂αM−1 = Aˆα + ∂α ˜˜Φ .
The gauged transformed Lax connection Rα is, obviously, flat, and is invariant under
the U(1) isometries, since it depends on ˜˜φi only through ∂α
˜˜φi. Now, to find the Lax
representation for the sigma model on the γ-deformed background all one needs to do is
to express the angle variables, ∂α
˜˜φi, of S
5 in terms of the angle variables, ∂αφi, of the γ-
deformed background by using the explicit relations (2.13). Since the TsT-transformation
maps the equations of motion for the sigma model on S5 to those on the Lunin-Maldacena
background, the zero-curvature condition for the new Lax connection is equivalent to the
equations of motion for the sigma model on the γ-deformed background.
The resulting expression for the Lax connection Rα is rather complicated, and we
refrain from presenting their explicit form. It is interesting, however, to understand the
structure of the Lax component R1, because the monodromy matrix T (x) is defined as
its path-ordered exponential. An important property of R1 is that it does not depend on
the world-sheet metric γαβ if one expresses time derivatives of the fields φi and ri through
their conjugated momenta. It follows from the fact that
Rˆ±1 = Rˆ1 ∓ γ1ρǫρβRˆβ = Rˆ1 ∓ γ0βRˆβ = Rˆ1 ± Pˆ , (3.12)
where Pˆ = −γ0βRˆβ is a matrix-valued momentum. The diagonal and off-diagonal parts
of Pˆ determine the momenta of φi and ri, respectively. The formula (3.12) allows us to
present the Lax component R1 of (3.11) in the form depending only on the coordinates
and their momenta:
R1 = ∂1 ˜˜Φ + Rˆ1
x2 − 1 +
x Pˆ
x2 − 1 . (3.13)
According to (2.17) and (2.18), the momenta are invariant under the TsT transformation
and the coordinates ˜˜Φ are just shifted by the momenta. The formula (3.13) can be used
to determine the asymptotic behavior of the monodromy matrix around x = ±1. The
3The gauge transformation is similar to the one used in [42] to derive a local and periodic Lax
connection for the Hamiltonian of strings on AdS5 × S5 .
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result in fact coincides with the one for strings in R×S5 because all transformations we’ve
done to derive (3.13) do not change the singular terms in the Lax connection at x = ±1,
and, therefore, the asymptotic behavior. A potential problem with this form of R1 is that
it does not vanish at large values of the spectral parameter x, and that may make more
difficult to study the large x asymptotic properties of the monodromy matrix. To study
the asymptotics it is easier to make an inverse gauge transformation, and use a nonlocal
and nonperiodic Lax connection (3.4) with the field g depending on ˜˜φi which satisfy the
twisted boundary conditions (2.18). Note, however, that the monodromy matrix is not
similar to the path-ordered exponential of the Lax connection (3.4) because the inverse
gauge transformation is not periodic. It would be interesting to analyze the properties of
the monodromy matrix and derive the string Bethe equations for the Lunin-Maldacena
model analogous to those derived for strings in AdS5 × S5 in [31, 34, 42].
4 su(2)γ subsector
The simplest closed subsector of the γ-deformed N = 4 SYM consists of operators made
out of two holomorphic scalars. These operators are dual to two-spin string states in
R×S3γ which is a consistent reduction of the string sigma model on the Lunin-Maldacena
background. We will refer to this subsector as the su(2)γ subsector.
The su(2)γ subsector of the γ-deformed model is obtained by setting r3 = 0. It is easy
to see that this reduction is compatible with equations of motion. The action (2.12) then
simplifies drastically
S = −
√
λ
2
∫
dτ
dσ
2π
[
γαβ
(
∂αri∂βri +Gr
2
i ∂αφi∂βφi
)− 2ǫαβ γˆ G r21r22 ∂αφ1∂βφ2 + Λ(r2i − 1)],(4.1)
where i = 1, 2.
This action can be obtained from the string action (2.1) on S3 by means of the same
TsT-transformation. The only difference and simplification is that one does not need to
make any change of the angle variables ˜˜φi (i = 1, 2). One should just make the T-duality
on
˜˜
φ1, the same shift (2.7), and again the T-duality on φ˜1. The resulting relations between
˜˜
φi and φi acquire the following simple form
∂α
˜˜φ1 = G
(
∂αφ1 − γˆ r22γαβǫβγ∂γφ2
)
, (4.2)
∂α
˜˜
φ2 = G
(
∂αφ2 + γˆ r
2
1γαβǫ
βγ∂γφ1
)
,
G−1 = 1 + γˆ2 r21r
2
2.
We will use these relations to obtain a local Lax representation for the equations of motion
describing the su(2)γ subsector.
12
In the su(2)γ subsector formulas (2.18) reduce to:
˜˜
φ′1 = φ
′
1 + γ p2 ,
˜˜
φ′2 = φ
′
2 − γ p1 , (4.3)
and the twisted boundary conditions (2.19) take the form
φi(2π) − φi(0) = 2π ni , ni are integer winding numbers , (4.4)
˜˜φ1(2π) − ˜˜φ1(0) = 2π (n1 + γ J2) , ˜˜φ2(2π) − ˜˜φ2(0) = 2π (n2 − γ J1) .
This shift of the winding numbers ni is consistent with the spectrum of strings in the
Lunin-Maldacena background in the pp-wave limit [1].
In the su(2)γ subsector the Lax connection can be written in terms of 2 × 2 matrices.
We parameterize S3 by unitary SU(2) matrices of the form:
g =
(
X1 X2
−X∗2 X∗1
)
, detg = |X1|2 + |X2|2 = 1 . (4.5)
The Lax operator for the sigma model on S3 has the same form (3.4). It also has an
explicit dependence on the angle variables ˜˜φi. Representing the matrix g (4.5) in the
factorized form
g(ri,
˜˜
φi) = M˜(
˜˜
φi) gˆ(ri)M(
˜˜
φi) , Xi = ri e
i
˜˜
φi , (4.6)
where
M =
(
0 e
i
2
˜˜
φ2
e−
i
2
˜˜φ2 0
)(
e
i
2
˜˜
φ1 0
0 e−
i
2
˜˜φ1
)
=
(
0 e
i
2
(
˜˜
φ2−
˜˜
φ1)
e−
i
2
( ˜˜φ2−
˜˜φ1) 0
)
,
M˜ =
(
e
i
2
˜˜φ1 0
0 e−
i
2
˜˜
φ1
)(
0 e
i
2
˜˜φ2
e−
i
2
˜˜
φ2 0
)
=
(
0 e
i
2
( ˜˜φ1+
˜˜φ2)
e−
i
2
(
˜˜
φ1+
˜˜
φ2) 0
)
,
gˆ =
(
r1 r2
−r2 r1
)
, g−1 = gT , M−1 = M , M˜−1 = M˜ , (4.7)
we get
Rα(ri,
˜˜
φi) = M
−1 Rˆα(ri, ∂
˜˜
φi)M ,
where
Rˆα =
i
2
(∂α
˜˜φ2 − ∂α ˜˜φ1) σ3 + gˆ−1∂αgˆ − i
2
(∂α
˜˜φ1 + ∂α
˜˜φ2) gˆ
−1 σ3 gˆ . (4.8)
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Gauging away the dependence of the Lax connection Aα on the matrix, we obtain the
Lax connection that depends only on ∂α
˜˜φi
Dα →M DαM−1 = ∂α − Rα , (4.9)
Rα = M AαM−1 − M ∂αM−1 = Aˆα + i
2
(∂α
˜˜
φ2 − ∂α ˜˜φ1) σ3 .
The local Lax representation for the su(2)γ subsector is now obtained by expressing the
angle variables, ∂α
˜˜
φi, of S
3 in terms of the angle variables, ∂αφi, of the γ-deformed
background by using the explicit relations (4.2).
It is useful to express the Lax component R1 in terms of the coordinates and their
conjugated momenta. Introducing the parametrization
r1 = cos θ , r2 = sin θ ,
and the re-scaled momenta (see (2.14))
pi = −γ0α∂α ˜˜φi , pθ = −γ0α∂αθ ,
we get the following expressions for the Lax component R1 of the γ-deformed model
R1 = i σ3R(3)1 + i σ1R(1)1 + i σ2R(2)1 , (4.10)
where
R(3)1 =
˜˜
φ′2 − ˜˜φ′1
2
+
r22
˜˜
φ′2 − r21 ˜˜φ′1
x2 − 1 +
x (p2 − p1)
x2 − 1 ,
R(1)1 = −
r1 r2
(
˜˜φ′1 +
˜˜φ′2
)
x2 − 1 −
x (r22 p1 + r
2
1 p2)
(x2 − 1)r1 r2 ,
R(2)1 =
xpθ + θ
′
x2 − 1 ,
and ˜˜φ′i are expressed through φ
′
i by using (4.3).
The Lax representation (4.9) for strings in R× S3γ has been recently used to derive the
string Bethe equations [43]. It has been shown that these equations coincide with the
one- and two-loop Bethe equations for the spin chain describing the operators from the
holomorphic su(2)γ subsector [7, 8]. This shows that, just as it was for N = 4 SYM,
in the γ-deformed case there is a perfect match between string theory and field theory
results at least for the simplest su(2)γ subsector.
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5 Multi-parameter deformations of AdS5 × S5
In this section we use a chain of TsT transformations to generate a three-parameter de-
formation of the AdS5×S5 supergravity background. In the case when all the parameters
are equal to each other the deformed background reduces to the one-parameter Lunin-
Maldacena background we discussed in the previous sections. At the end of this section
we present a 4+2 parameter generalization of the complex β Lunin-Maldacena solution.
We saw in section 2 that to obtain the γ-deformed supergravity background fromAdS5×
S5 by using a TsT transformation we had to choose a very special torus in S5. This
choice is related to supersymmetry of the Lunin-Maldacena background but in general
one may be interested in studying nonsupersymmetric deformations too. In that case, the
choice of the torus looks rather superficial. On the other hand, in the parametrization
of S5 we use in (2.1) there are three natural tori: (φ1, φ2), (φ2, φ3) and (φ3, φ1). A
TsT transformation applied to any of these tori produces a very simple one-parameter
deformation of AdS5 × S5 similar to the su(2)γ subsector of the γ-deformed background
we discussed in section 4. One may ask how one could get the γ-deformed background
by using TsT transformations on the three tori. The answer appears to be very simple.
One should just perform a chain of three consecutive TsT transformations on each of
the three tori with the same shift parameter γˆ. If we allow the TsT transformations to
have different shift parameters γˆi we get a nonsupersymmetric deformation of AdS5×S5 .
The three-parameter supergravity background should be dual to a nonsupersymmetric
but marginal deformation of N = 4 SYM.
Since the details of the derivation are very similar to the case of the γ-deformed back-
ground we present here only the final results. We apply the first TsT transformation with
T-duality acting on the first angle φ1 and the shift parameter equal to γˆ3 to the torus
(φ1, φ2), then the second TsT transformation with the shift parameter equal to γˆ1 to the
torus (φ2, φ3), and finally the third TsT transformation with the shift parameter equal to
γˆ2 to the torus (φ3, φ1).
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The resulting type IIB supergravity background written in string frame takes the form
ds2str = R
2

ds2ads +∑
i
(
dr2i + Gr
2
i dφ
2
i
)
+ Gr21 r
2
2 r
2
3
(∑
i
γˆi dφi
)2 , (5.1)
G−1 = 1 + γˆ23 r
2
1 r
2
2 + γˆ
2
1 r
2
2 r
2
3 + γˆ
2
2 r
2
3 r
2
1 , R
4 ≡ 4πeφ0N =
√
λ , α′ = 1 ,
e2φ = e2φ0 G ,
BNS = R2G
(
γˆ3 r
2
1 r
2
2 dφ1 ∧ dφ2 + γˆ1 r22 r23 dφ2 ∧ dφ3 + γˆ2 r23 r21 dφ3 ∧ dφ1
)
,
C2 = −4R2 e−φ0 w1 ∧
∑
i
γˆi dφi , γˆi = R
2γi , dw1 = cαs
3
αsθcθ dα ∧ dθ ,
C4 = 4R
4 e−φ0 (w4 + Gw1 ∧ dφ1 ∧ dφ2 ∧ dφ3) ,
F5 = 4R
4 e−φ0 (ωAdS5 +GωS5) , ωS5 = dw1 ∧ dφ1 ∧ dφ2 ∧ dφ3 , ωAdS5 = dw4 ,
where we used the notations from [1]: cα ≡ cosα , sα ≡ sinα , r1 = cosα , r2 = sinα cos θ,
and ωS5 is the volume form of unit radius S
5. We also applied the rules of T-duality4 for
RR fields [44] to find C2 and C4.
The relations between the angle variables of the three-parameter deformed background
and those of AdS5 × S5 are still given by (2.15), and can be used to find the Lax repre-
sentation for the model in the same way we did in section 3.
Introducing the momenta conjugated to the angle variables, the relations take the form
˜˜pi = pi . (5.2)
˜˜φ′1 = φ
′
1 + γ3 p2 − γ2 p3 ,
˜˜
φ′2 = φ
′
2 + γ1 p3 − γ3 p1 ,
˜˜φ′3 = φ
′
3 + γ2 p1 − γ1 p2 ,
where γi = γˆi/
√
λ are the deformation parameters that appear in field theory.
Twisted boundary conditions for the U(1) variables
˜˜
φi of the AdS5 × S5 theory take
the following form
φi(2π) − φi(0) = 2π ni , ni are integer winding numbers , (5.3)
˜˜
φ1(2π) − ˜˜φ1(0) = 2π (n1 + γ3 J2 − γ2 J3) ,
˜˜
φ2(2π) − ˜˜φ2(0) = 2π (n2 + γ1 J3 − γ3 J1) ,
˜˜φ3(2π) − ˜˜φ3(0) = 2π (n3 + γ2 J1 − γ1 J2) .
We see that for generic values of the deformation parameters γi all the angular variables
have nontrivial twists.
4Note that the standard signs of the BNS and C2 T-duality rules were flipped in [1]. The T-duality
rules (A.7) match the choice made in [1]. The author thanks Oleg Lunin for a discussion of this point.
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Since the background (5.1) breaks all of the supersymmetry of AdS5 × S5 , it should
be dual to a nonsupersymmetric but marginal deformation of N = 4 SYM.5 The bosonic
part of the deformed YM potential should have the following form6
V = Tr
[|Φ1Φ2 − e−2ipiγ3Φ2Φ1|2 + |Φ2Φ3 − e−2ipiγ1Φ3Φ2|2 + |Φ3Φ1 − e−2ipiγ2Φ1Φ3|2]
+ Tr
[([
Φ1, Φ¯1
]
+
[
Φ2, Φ¯2
]
+
[
Φ3, Φ¯3
])2]
, (5.4)
where Φi are the three holomorphic scalars of N = 4 SYM. The potential can be obtained
from the undeformed one by replacing the usual product ΦiΦj by the associative ∗-product
of [1]. It should be possible to obtain the fermionic part of the potential by the same
procedure, and to check if the deformation is marginal at one-loop. It is known that the
one-loop dilatation operator associated to the potential (5.4) is described by integrable
spin chains in the su(2)γi
7 and su(3)γi subsectors of the deformed YM model [7]. The
existence of the Lax pair representation for the bosonic part of the string sigma model
on the three-parameter deformed background implies that the sigma model is integrable
too. It would be interesting to find the Bethe ansatz [45] for the su(3)γi spin chain and
string Bethe equations for the deformed background.
The three-parameter deformed background (5.1) has the same structure as the γ-
deformed one. In principle one can use SL(2, R)s transformations to generate more general
solutions [1] similar to the Lunin-Maldacena background with complex β. In fact, since
a general Lunin-Maldacena transformation can be symbolically written as SσTsγTS
−1
σ ,
where Sσ denotes an SL(2, R)s transformation with a parameter σs, and TsγT denotes
a TsT transformation with the shift parameter γ, we can get a 6+2 parameter solution
from AdS5 × S5 by performing three consecutive STsTS transformations on each of the
three tori. Let us also mention that the step involving S-duality departs from the world
sheet treatment, see [43] for a detailed discussion. The 6+2 parameter solution appears
to be rather complicated, in particular, it has nonvanishing Gφiα and Gφiθ components of
the metric. Its explicit form is given in Appendix B. Here we present a simpler solution
with 4+2 parameters corresponding to the three γi, one σs, the dilaton φ0 and the ax-
ion χ0. The solution generalizes the general supersymmetry preserving Lunin-Maldacena
deformation of AdS5 × S5 . It is worth noting that the 4+2 parameter solution cannot
be obtained by using just one SL(3, R) transformation of AdS5 × S5 . It is generated by
performing the transformation SσTsTγ1TsTγ2TsTγ3S
−1
σ .
To derive the solution we begin with the AdS5 × S5 background with constant dilaton
5It is unclear if the deformation is marginal for finite N .
6The deformation is not supersymmetric and cannot be written in terms of N = 1 superfields.
7The su(2)γi subsector coincides with the su(2)γ subsector of the Lunin-Maldacena model.
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φ0 and axion χ, and perform the following SL(2, R) transformation of the background
χ + i e−φ0 ≡ τ → τσs =
τ
1 − σs τ , B
NS → BNSσs = BNS − σs C2 , (5.5)
C4 → Cσs4 = C4 −
1
2
σs C2 ∧ C2 .
The Einstein frame metric and the two-form C2 remain invariant under this transforma-
tion. It is worth mentioning that the parameter σs is not equal to the parameter σ used
in [1].
Then we perform the same chain of TsT transformations we used to generate the
three-parameter deformed background (5.1). Finally, we perform the inverse SL(2, R)
transformation with σs replace by −σs in (5.5).
The resulting 4+2 parameter type IIB supergravity background written in string frame
takes the form
ds2str = R
2H1/2

ds2ads +∑
i
(
dr2i + Gr
2
i dφ
2
i
)
+ Gr21 r
2
2 r
2
3
∣∣∣∣∣
∑
i
β˜i dφi
∣∣∣∣∣
2

 , (5.6)
e2φ = e2φ0 GH2 , χ = χ0 + e
−φ0 H−1Q ,
BNS = R2
(
GwB − 4w1 ∧
∑
i
σ˜i dφi
)
,
C2 = R
2
(
GwC − 4w1 ∧
∑
i
(e−φ0γ˜i + χ0σ˜i) dφi
)
,
C4 = 4R
4 e−φ0
(
w4 + G(H − eφ0χ0Q)w1 ∧ dφ1 ∧ dφ2 ∧ dφ3
)
,
F5 = 4R
4 e−φ0 (ωAdS5 +GωS5) .
Here the functions G, H , and Q, and the parameters β˜i, γ˜i and σ˜i are defined as follows
G−1 = 1 + |β˜3|2 r21 r22 + |β˜1|2 r22 r23 + |β˜2|2 r23 r21 , (5.7)
H = 1 + σ˜23 r
2
1 r
2
2 + σ˜
2
1 r
2
2 r
2
3 + σ˜
2
2 r
2
3 r
2
1 ,
Q = σ˜3γ˜3 r
2
1 r
2
2 + σ˜1γ˜1 r
2
2 r
2
3 + σ˜2γ˜2 r
2
3 r
2
1 ,
wB = γ˜3 r
2
1 r
2
2 dφ1 ∧ dφ2 + γ˜1 r22 r23 dφ2 ∧ dφ3 + γ˜2 r23 r21 dφ3 ∧ dφ1 ,
wC = χ0wB − e−φ0
(
σ˜3 r
2
1 r
2
2 dφ1 ∧ dφ2 + σ˜1 r22 r23 dφ2 ∧ dφ3 + σ˜2 r23 r21 dφ3 ∧ dφ1
)
,
γ˜i = R
2γi(1− χ0σs) = γˆi(1− χ0σs) , σ˜i = R2e−φ0γiσs = γˆie−φ0σs , β˜i = γ˜i − iσ˜i .
It is easy to see that if all γi are equal to each other then the background coincides with
the Lunin-Maldacena one provided the parameter σ in [1] is related to σs as follows
σ = σsγ , γi = γ .
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The 4+2 parameter background should be dual to a nonsupersymmetric marginal (at
the large N limit) deformation of N = 4 SYM. It would be interesting to find this dual
nonsupersymmetric YM model.
6 Conclusion
In this paper we have discussed the TsT transformation of the AdS5 × S5 background,
and shown how it can be used to generate the Lunin-Maldacena supergravity solution in
the case of the real deformation parameter γ. We have used the TsT transformation to
find the relation between the angle variables of AdS5 × S5 , and the angle variables of
the γ-deformed background, and used the relation to derive a local and periodic Lax
representation for the γ-deformed model. The existence of the Lax pair implies the
integrability of the (bosonic part of) string sigma model on the γ-deformed background.
It is clear that it should be possible to apply the TsT transformation to the Green-
Schwarz κ-symmetric superstring action on AdS5 × S5 [46] to generate the γ-deformed
background with all the supergravity fields included. To this end one can try to use
the rules of T-duality formulated in [47] for the Green-Schwarz superstring. Then, the
approach used in section 3 of this paper should lead to a local and periodic Lax repre-
sentation for the complete Green-Schwarz sigma model on the γ-deformed supergravity
background.
It would be interesting to use the Lax representation to analyze the properties of the
monodromy matrix and derive the string Bethe equations for the Lunin-Maldacena model
analogous to those derived for strings on AdS5 × S5 in [31, 34, 42]. The string Bethe
equations could be then compared with the thermodynamic limit of the Bethe equations
for the γ-deformed N = 4 SYM theory [7, 8]. It has been already done for the simplest
su(2)γ case in [43].
As another interesting application of the TsT transformation we generated the three-
parameter regular supergravity background by using a chain of TsT transformations ap-
plied to different tori of AdS5 × S5 . This background is expected to be dual to a non-
supersymmetric marginal deformation of N = 4 SYM theory. It should be possible to
perform a detailed analysis of the three-parameter background, and the dual conformal
field theory.
We also derived a 6 + 2 parameter deformation of AdS5 × S5 by applying a chain of
STsTS transformations to the three tori of S5. The type IIB supergravity solution is
nonsupersymmetric, and it is important to check if it is perturbatively stable. Since it
depends on the continuous deformation parameters one might expect that the background
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is stable at least for small values of the parameters. It also would be interesting to find
the nonsupersymmetric conformal deformation of N = 4 SYM model dual to this 6 + 2
parameter background.
It is of interest to generate other multi-parameter regular backgrounds by using a chain
of the TsT and STsTS transformations applied to AdS5 × S5 , and other supergravity
backgrounds with U(1)3 isometry. In particular, one can consider nonsupersymmetric
marginal deformations of theories based on toric manifolds [49, 50, 51]. One can also use
the TsT transformations to derive nonsupersymmetric deformations of supergravity back-
grounds dual to nonconformal field theories such as the Klebanov-Strassler background
[52].
In general, the Lunin-Maldacena type backgrounds and the TsT (STsTS) transforma-
tion have many interesting properties which are worth studying.
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Appendix A T-duality Transformation
In this Appendix we present the T-duality transformation [48] in the form used in the
paper. We start with the following string theory action
S = −
√
λ
2
∫
dτ
dσ
2π
[
γαβ∂αX
M∂βX
N GMN(X
i)− ǫαβ∂αXM∂βXN BMN(X i)
]
. (A.1)
Here ǫ01 = 1, M = 1, 2, 3 . . . , i = 2, 3 . . . , and the background fields GMN and BMN do
not depend on X1. The action can be represented in the following equivalent form
S = −
√
λ
∫
dτ
dσ
2π
[
pα
(
∂αX
MG1M
G11
− γαβǫβρ∂ρXMB1M
G11
)
− 1
2G11
γαβ p
αpβ (A.2)
+
1
2
γαβ∂αX
i∂βX
j
(
Gij − G1iG1j − B1iB1j
G11
)
− 1
2
ǫαβ∂αX
i∂βX
j
(
Bij − G1iB1j − B1iG1j
G11
)]
.
Indeed, variating with respect to pα, one gets the following equation of motion for pα
pα = γαβ∂βX
MG1M − ǫαβ∂βXMB1M . (A.3)
Substituting (A.3) into (A.2) and using the identity ǫαγγγρǫ
ρβ = γαβ , we reproduce the
action (A.1).
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On the other hand, variating (A.2) with respect to X1 gives
∂α p
α = 0 . (A.4)
The general solution to this equation can be written in the form
pα = ǫαβ∂βX˜
1 , (A.5)
where X˜1 is the scalar T-dual to X1. Substituting (A.5) into the action (A.2), we obtain
the following T-dual action
S˜ = −
√
λ
2
∫
dτ
dσ
2π
[
γαβ∂αX˜
M∂βX˜
N G˜MN − ǫαβ∂αX˜M∂βX˜N B˜MN
]
, (A.6)
where
G˜11 =
1
G11
, G˜ij = Gij − G1iG1j − B1iB1j
G11
, G˜1i =
B1i
G11
, (A.7)
B˜ij = Bij − G1iB1j − B1iG1j
G11
, B˜1i =
G1i
G11
,
ǫαβ∂βX˜
1 = γαβ∂βX
MG1M − ǫαβ∂βXMB1M , X˜ i = X i .
Appendix B 6+2 parameter background
The 6+2 parameter solution can be obtained by performing the transformation
Sσs
1
TsTγ1Sσs2−σs1TsTγ2Sσs3−σs2TsTγ3S−σs3 ,
that is a chain of the three consecutive STsTS transformations on each of the three tori.
The resulting 6+2 parameter type IIB supergravity background written in string frame
takes the form
ds2str = R
2H1/2
[
ds2ads +
∑
i
(
dr2i + Gr
2
i dφ
2
i
)
+ Gr21 r
2
2 r
2
3
∣∣∣∑
i
β˜i dφi
∣∣∣2 (B.1)
+ 8Gw1
(
(γˆ3σ˜2 − γˆ2σ˜3)r21dφ1 + (γˆ1σ˜3 − γˆ3σ˜1)r22dφ2 + (γˆ2σ˜1 − γˆ1σ˜2)r23dφ3
)
+ 16Gw21
(
(γˆ3σ˜2 − γˆ2σ˜3)2r21 + (γˆ1σ˜3 − γˆ3σ˜1)2r22 + (γˆ2σ˜1 − γˆ1σ˜2)2r23
) ]
,
e2φ = e2φ0 GH2 , χ = χ0 + e
−φ0 H−1Q ,
BNS = R2G (wB − 4w1 ∧ AB) ,
C2 = R
2G
(
wC − 4 e−φ0 w1 ∧ AC
)
,
C4 = 4R
4 e−φ0
(
w4 + G(H − eφ0χ0Q)w1 ∧ dφ1 ∧ dφ2 ∧ dφ3
)
,
F5 = 4R
4 e−φ0 (ωAdS5 +GωS5) .
21
Here the functions G, H , and Q, and the parameters β˜i, γ˜i and σ˜i are defined as follows
G−1 = 1 + |β˜3|2 r21 r22 + |β˜1|2 r22 r23 + |β˜2|2 r23 r21 (B.2)
+ r21r
2
2r
2
3
(
(γˆ3σ˜2 − γˆ2σ˜3)2r21 + (γˆ1σ˜3 − γˆ3σ˜1)2r22 + (γˆ2σ˜1 − γˆ1σ˜2)2r23
)
,
H = 1 + σ˜23 r
2
1 r
2
2 + σ˜
2
1 r
2
2 r
2
3 + σ˜
2
2 r
2
3 r
2
1 ,
Q = σ˜3γ˜3 r
2
1 r
2
2 + σ˜1γ˜1 r
2
2 r
2
3 + σ˜2γ˜2 r
2
3 r
2
1 ,
wB =
[
γ˜3 r
2
1 r
2
2 + r
2
1r
2
2r
2
3
(
σ˜1(γˆ3σ˜1 − γˆ1σ˜3)r22 + σ˜2(γˆ3σ˜2 − γˆ2σ˜3)r21
)]
dφ1 ∧ dφ2
+
[
γ˜1 r
2
2 r
2
3 + r
2
1r
2
2r
2
3
(
σ˜2(γˆ1σ˜2 − γˆ2σ˜1)r23 + σ˜3(γˆ1σ˜3 − γˆ3σ˜1)r22
)]
dφ2 ∧ dφ3
+
[
γ˜2 r
2
3 r
2
1 + r
2
1r
2
2r
2
3
(
σ˜3(γˆ2σ˜3 − γˆ3σ˜2)r21 + σ˜1(γˆ2σ˜1 − γˆ1σ˜2)r23
)]
dφ3 ∧ dφ1 ,
AB =
[
σ˜1 + σ˜1(γ˜
2
1 + σ˜
2
1)r
2
2r
2
3 + σ˜2(γ˜1γ˜2 + σ˜1σ˜2)r
2
3r
2
1 + σ˜3(γ˜1γ˜3 + σ˜1σ˜3)r
2
1r
2
2
]
dφ1
+
[
σ˜2 + σ˜2(γ˜
2
2 + σ˜
2
2)r
2
3r
2
1 + σ˜1(γ˜1γ˜2 + σ˜1σ˜2)r
2
2r
2
3 + σ˜3(γ˜2γ˜3 + σ˜2σ˜3)r
2
1r
2
2
]
dφ2
+
[
σ˜3 + σ˜3(γ˜
2
3 + σ˜
2
3)r
2
1r
2
2 + σ˜1(γ˜1γ˜3 + σ˜1σ˜3)r
2
2r
2
3 + σ˜2(γ˜2γ˜3 + σ˜2σ˜3)r
2
3r
2
1
]
dφ3 ,
wC =
[
(χγ˜3 − e−φ0 σ˜3)r21r22 + e−φ0r21r22r23
(
γˆ1(γˆ3σ˜1 − γˆ1σ˜3)r22 + γˆ2(γˆ3σ˜2 − γˆ2σ˜3)r21
)]
dφ1 ∧ dφ2
+
[
(χγ˜1 − e−φ0 σ˜1)r22r23 + e−φ0r21r22r23
(
γˆ2(γˆ1σ˜2 − γˆ2σ˜1)r23 + γˆ3(γˆ1σ˜3 − γˆ3σ˜1)r22
)]
dφ2 ∧ dφ3
+
[
(χγ˜2 − e−φ0 σ˜2)r23r21 + e−φ0r21r22r23
(
γˆ3(γˆ2σ˜3 − γˆ3σ˜2)r21 + γˆ1(γˆ2σ˜1 − γˆ1σ˜2)r23
)]
dφ3 ∧ dφ1 ,
AC =
[
γˆ1 + γˆ1(γ˜
2
1 + σ˜
2
1)r
2
2r
2
3 + γˆ2(γ˜1γ˜2 + σ˜1σ˜2)r
2
3r
2
1 + γˆ3(γ˜1γ˜3 + σ˜1σ˜3)r
2
1r
2
2
]
dφ1
+
[
γˆ2 + γˆ2(γ˜
2
2 + σ˜
2
2)r
2
3r
2
1 + γˆ1(γ˜1γ˜2 + σ˜1σ˜2)r
2
2r
2
3 + γˆ3(γ˜2γ˜3 + σ˜2σ˜3)r
2
1r
2
2
]
dφ2
+
[
γˆ3 + γˆ3(γ˜
2
3 + σ˜
2
3)r
2
1r
2
2 + γˆ1(γ˜1γ˜3 + σ˜1σ˜3)r
2
2r
2
3 + γˆ2(γ˜2γ˜3 + σ˜2σ˜3)r
2
3r
2
1
]
dφ3 ,
γ˜i = R
2γi(1− χ0σsi ) = γˆi(1− χ0σsi ) , σ˜i = R2e−φ0γiσsi = γˆie−φ0σsi , β˜i = γ˜i − iσ˜i .
The self-dual five-form F5 is expressed in terms of C4, C2 and B as follows
F5 = dC4 − dBNS ∧ C2 .
22
References
[1] O. Lunin and J. Maldacena, “Deforming field theories with U(1) x U(1) global sym-
metry and their gravity duals,” arXiv:hep-th/0502086.
[2] R. G. Leigh and M. J. Strassler, “Exactly marginal operators and duality in four-
dimensional N=1 supersymmetric gauge theory,” Nucl. Phys. B 447, 95 (1995)
[arXiv:hep-th/9503121].
[3] D. Berenstein and R. G. Leigh, “Discrete torsion, AdS/CFT and duality,” JHEP
0001 (2000) 038 [arXiv:hep-th/0001055]. D. Berenstein, V. Jejjala and R. G. Leigh,
“Marginal and relevant deformations of N = 4 field theories and non-commutative
moduli spaces of vacua,” Nucl. Phys. B 589, 196 (2000) [arXiv:hep-th/0005087].
[4] O. Aharony and S. S. Razamat, “Exactly marginal deformations of N = 4
SYM and of its supersymmetric orbifold descendants,” JHEP 0205, 029 (2002)
[arXiv:hep-th/0204045]. O. Aharony, B. Kol and S. Yankielowicz, “On exactly
marginal deformations of N = 4 SYM and type IIB supergravity on AdS(5) x S**5,”
JHEP 0206, 039 (2002) [arXiv:hep-th/0205090].
[5] N. Dorey, T. J. Hollowood and S. P. Kumar, “S-duality of the Leigh-Strassler
deformation via matrix models,” JHEP 0212, 003 (2002) [arXiv:hep-th/0210239].
N. Dorey, “S-duality, deconstruction and confinement for a marginal deformation of
N = 4 SUSY Yang-Mills,” JHEP 0408, 043 (2004) [arXiv:hep-th/0310117].
[6] V. Niarchos and N. Prezas, “BMN operators for N = 1 superconformal Yang-
Mills theories and associated string backgrounds,” JHEP 0306, 015 (2003)
[arXiv:hep-th/0212111].
[7] R. Roiban, “On spin chains and field theories,” JHEP 0409, 023 (2004)
[arXiv:hep-th/0312218].
[8] D. Berenstein and S. A. Cherkis, “Deformations of N = 4 SYM and integrable spin
chain models,” Nucl. Phys. B 702, 49 (2004) [arXiv:hep-th/0405215].
[9] J.M. Maldacena, “The Large N Limit of Superconformal Field Theories and Su-
pergravity”, Adv.Theor.Math.Phys. 2 (1998) 231-252; Int.J.Theor.Phys. 38 (1999)
1113-1133; [hep-th/9711200].
[10] S.S. Gubser, I.R. Klebanov, A.M. Polyakov, “Gauge Theory Correlators from Non-
Critical String Theory”, Phys.Lett. B428 (1998) 105-114, [hep-th/9802109].
23
[11] E. Witten, “Anti De Sitter Space And Holography”, Adv.Theor.Math.Phys. 2 (1998)
253-291, [hep-th/9802150].
[12] D. Berenstein, J. M. Maldacena and H. Nastase, “Strings in flat space and pp waves
from N =4 super Yang Mills,” JHEP 0204, 013 (2002) [hep-th/0202021].
[13] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “A semi-classical limit of the
gauge/string correspondence,” Nucl. Phys. B 636 (2002) 99, hep-th/0204051.
[14] S. Frolov and A. A. Tseytlin, “Semiclassical quantization of rotating superstring in
AdS(5) x S(5),” JHEP 0206, 007 (2002) [hep-th/0204226].
[15] S. Frolov and A. A. Tseytlin, “Multi-spin string solutions in AdS5 × S5 ,” Nucl.
Phys. B 668, 77 (2003) [hep-th/0304255]. “Quantizing three-spin string solution in
AdS5 × S5 ,” JHEP 0307, 016 (2003) [hep-th/0306130]. “Rotating string solutions:
AdS/CFT duality in non-supersymmetric sectors,” Phys. Lett. B 570, 96 (2003)
hep-th/0306143.
[16] J. A. Minahan and K. Zarembo, “The Bethe-ansatz for N = 4 super Yang-Mills,”
JHEP 0303, 013 (2003) [hep-th/0212208].
[17] N. Beisert, “The complete one-loop dilatation operator of N = 4 super Yang-Mills
theory,” Nucl. Phys. B 676 (2004) 3, hep-th/0307015; N. Beisert and M. Stau-
dacher, “The N = 4 SYM integrable super spin chain,” Nucl. Phys. B 670 (2003)
439, hep-th/0307042.
[18] N. Beisert, C. Kristjansen and M. Staudacher, “The dilatation operator of N = 4
super Yang-Mills theory,” Nucl. Phys. B 664 (2003) 131, hep-th/0303060; N. Beis-
ert, “Higher loops, integrability and the near BMN limit,” JHEP 0309 (2003) 062,
hep-th/0308074; N. Beisert, “The su(2|3) dynamic spin chain,” Nucl. Phys. B 682
(2004) 487, hep-th/0310252.
[19] D. Serban and M. Staudacher, “Planar N = 4 gauge theory and the Inozemtsev long
range spin chain,” JHEP 0406, 001 (2004) hep-th/0401057.
[20] N. Beisert, V. Dippel and M. Staudacher, “A novel long range spin chain and planar
N = 4 super Yang-Mills,” JHEP 0407 (2004) 075, hep-th/0405001.
[21] G. Arutyunov, S. Frolov and M. Staudacher, “Bethe ansatz for quantum strings,”
JHEP 0410, 016 (2004) [hep-th/0406256].
[22] M. Staudacher, “The factorized S-matrix of CFT/AdS,” hep-th/0412188.
24
[23] N. Beisert, “The dilatation operator of N = 4 super Yang-Mills theory and integra-
bility,” Phys. Rept. 405, 1 (2005) [arXiv:hep-th/0407277].
[24] N. Beisert, J. A. Minahan, M. Staudacher and K. Zarembo, “Stringing spins and spin-
ning strings,” JHEP 0309, 010 (2003) [arXiv:hep-th/0306139]. N. Beisert, S. Frolov,
M. Staudacher and A. A. Tseytlin, JHEP 0310, 037 (2003) [arXiv:hep-th/0308117].
[25] G. Arutyunov, S. Frolov, J. Russo and A. A. Tseytlin, “Spinning strings in
AdS5 × S5 and integrable systems,” Nucl. Phys. B 671, 3 (2003) hep-th/0307191.
G. Arutyunov, J. Russo and A. A. Tseytlin, “Spinning strings in AdS5 × S5 : New
integrable system relations,” Phys. Rev. D 69, 086009 (2004) [hep-th/0311004].
[26] G. Arutyunov and M. Staudacher, “Matching higher conserved charges for strings and
spins,” JHEP 0403 (2004) 004, hep-th/0310182; “Two-loop commuting charges and
the string / gauge duality,” hep-th/0403077.
[27] J. Engquist, J. A. Minahan and K. Zarembo, “Yang-Mills duals for semi-
classical strings on AdS5 × S5”, hep-th/0310188; J. Engquist, “Higher con-
served charges and integrability for spinning strings in AdS5 × S5”, JHEP 0404
(2004) 002, hep-th/0402092; M. Smedback, “Pulsating Strings On AdS5 × S5,”
hep-th/0405102; L. Freyhult, “Bethe ansatz and fluctuations in SU(3) Yang-Mills
operators”, JHEP 0406 (2004) 010, hep-th/0405167;
[28] J. A. Minahan, “Higher loops beyond the SU(2) sector,” JHEP 0410, 053 (2004)
[arXiv:hep-th/0405243].
[29] A. Khan and A. L. Larsen, “Spinning pulsating string solitons in AdS5 × S5,”
Phys. Rev. D 69, 026001 (2004), hep-th/0310019; A. L. Larsen and A. Khan,
“Novel explicit multi spin string solitons in AdS(5),” Nucl. Phys. B 686, 75 (2004)
hep-th/0312184; C. Kristjansen, “Three-spin strings on AdS5 × S5 from N =
4 SYM,” Phys. Lett. B 586 (2004) 106, hep-th/0402033; C. Kristjansen and
T. Mansson, “The Circular, Elliptic Three Spin String from the SU(3) Spin Chain,”
hep-th/0406176.
[30] M. Kruczenski, “Spin chains and string theory,” Phys. Rev. Lett. 93, 161602 (2004)
[arXiv:hep-th/0311203].
[31] V. A. Kazakov, A. Marshakov, J. A. Minahan and K. Zarembo, “Classical / quantum
integrability in AdS/CFT,” JHEP 0405 (2004) 024 hep-th/0402207.
25
[32] M. Kruczenski, A. V. Ryzhov and A. A. Tseytlin, “Large spin limit of AdS5×S5 string
theory and low energy expansion of ferromagnetic spin chains,” hep-th/0403120;
B. J. Stefanski and A. A. Tseytlin, “Large spin limits of AdS/CFT and generalized
Landau-Lifshitz equations,” JHEP 0405, 042 (2004) hep-th/0404133; A. V. Ryzhov
and A. A. Tseytlin, “Towards the exact dilatation operator of N = 4 super Yang-
Mills theory,” hep-th/0404215; M. Kruczenski and A. A. Tseytlin, “Semiclassi-
cal relativistic strings in S5 and long coherent operators in N=4 SYM theory,”
hep-th/0406189. B. Stefanski, jr. and A. A. Tseytlin, “Super spin chain coherent
state actions and AdS5 × S5 superstring,” arXiv:hep-th/0503185.
[33] R. Hernandez and E. Lopez, “The SU(3) spin chain sigma model and string theory,”
JHEP 0404, 052 (2004), hep-th/0403139; K. Ideguchi, “Semiclassical strings on
AdS(5) x S**5/Z(M) and operators in orbifold field theories,” JHEP 0409, 008 (2004)
[arXiv:hep-th/0408014]. S. Bellucci, P. Y. Casteill, J. F. Morales and C. Sochichiu,
“sl(2) spin chain and spinning strings on AdS5 × S5,” hep-th/0409086; R. Her-
nandez and E. Lopez, “Spin chain sigma models with fermions,” hep-th/0410022.
S. Bellucci, P. Y. Casteill and J. F. Morales, “Superstring sigma models from spin
chains: the SU(1,1|1) case,” arXiv:hep-th/0503159.
[34] V. A. Kazakov and K. Zarembo, “Classical / quantum integrability in non-compact
sector of AdS/CFT,” JHEP 0410, 060 (2004) [arXiv:hep-th/0410105]. N. Beisert,
V. A. Kazakov and K. Sakai, “Algebraic Curve for the SO(6) sector of AdS/CFT,”
hep-th/0410253. S. Schafer-Nameki, “The algebraic curve of 1-loop planar N = 4
SYM,” hep-th/0412254. N. Beisert, V. A. Kazakov, K. Sakai and K. Zarembo, “The
algebraic curve of classical superstrings on AdS(5) x S**5,” hep-th/0502226. L. F. Al-
day, G. Arutyunov and A. A. Tseytlin, “On integrability of classical superstrings in
AdS(5) x S**5,” arXiv:hep-th/0502240.
[35] A. A. Tseytlin, “Semiclassical strings and AdS/CFT,” arXiv:hep-th/0409296.
[36] I. Bena, J. Polchinski and R. Roiban, “Hidden symmetries of the AdS(5) x S**5
superstring,” Phys. Rev. D 69, 046002 (2004) [hep-th/0305116].
[37] J. G. Russo and A. A. Tseytlin, “Exactly solvable string models of curved space-time
backgrounds,” Nucl. Phys. B 449, 91 (1995) [hep-th/9502038]. “Magnetic flux tube
models in superstring theory,” Nucl. Phys. B 461, 131 (1996) [hep-th/9508068].
[38] K. Pohlmeyer, “Integrable Hamiltonian Systems And Interactions Through Quadratic
Constraints,” Commun. Math. Phys. 46, 207 (1976).
26
[39] V. E. Zakharov and A. V. Mikhailov, “Relativistically Invariant Two-Dimensional
Models In Field Theory Integrable By The Inverse Problem Technique,” Sov. Phys.
JETP 47 (1978) 1017, [Zh. Eksp. Teor. Fiz. 74 (1978) 1953].
[40] L. D. Faddeev and N. Y. Reshetikhin, “Integrability Of The Principal Chiral Field
Model In (1+1)-Dimension,” Annals Phys. 167 (1986) 227.
[41] L.D. Faddeev and L.A. Takhtajan, Hamiltonian Methods in the Theory of Solitons,
Springer, 1987.
[42] G. Arutyunov and S. Frolov, “Integrable Hamiltonian for classical strings on AdS(5)
x S**5,” JHEP 0502, 059 (2005) hep-th/0411089.
[43] S. A. Frolov, R. Roiban and A. A. Tseytlin, “Gauge-string duality for superconformal
deformations of N=4 Super Yang-Mills theory,” arXiv:hep-th/0503192.
[44] P. Meessen and T. Ortin, “An Sl(2,Z) multiplet of nine-dimensional type II super-
gravity theories,” Nucl. Phys. B 541, 195 (1999) [arXiv:hep-th/9806120].
[45] L. D. Faddeev, “How Algebraic Bethe Ansatz works for integrable model,”
arXiv:hep-th/9605187.
[46] R. R. Metsaev and A. A. Tseytlin, “Type IIB superstring action in AdS(5) x S(5)
background,” Nucl. Phys. B 533, 109 (1998) [hep-th/9805028].
[47] S. F. Hassan, “T-duality, space-time spinors and R-R fields in curved backgrounds,”
Nucl. Phys. B 568, 145 (2000) [hep-th/9907152]. M. Cvetic, H. Lu, C. N. Pope and
K. S. Stelle, “T-duality in the Green-Schwarz formalism, and the massless/massive
IIA duality map,” Nucl. Phys. B 573, 149 (2000) [hep-th/9907202]. B. Kulik and
R. Roiban, “T-duality of the Green-Schwarz superstring,” JHEP 0209, 007 (2002)
[hep-th/0012010].
[48] T. H. Buscher, “A Symmetry Of The String Background Field Equations,” Phys.
Lett. B 194, 59 (1987). “Path Integral Derivation Of Quantum Duality In Nonlinear
Sigma Models,” Phys. Lett. B 201, 466 (1988).
[49] I. R. Klebanov and E. Witten, “Superconformal field theory on threebranes at a
Calabi-Yau singularity,” Nucl. Phys. B 536, 199 (1998) [arXiv:hep-th/9807080].
[50] J. P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, “Supersymmetric AdS(5)
solutions of M-theory,” Class. Quant. Grav. 21, 4335 (2004) [arXiv:hep-th/0402153].
27
J. P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, “Sasaki-Einstein met-
rics on S(2) x S(3),” arXiv:hep-th/0403002. D. Martelli and J. Sparks, “Toric ge-
ometry, Sasaki-Einstein manifolds and a new infinite class of AdS/CFT duals,”
arXiv:hep-th/0411238.
[51] S. Benvenuti and A. Hanany, “Conformal manifolds for the conifold and other toric
field theories,” arXiv:hep-th/0502043.
[52] I. R. Klebanov and M. J. Strassler, “Supergravity and a confining gauge theory: Du-
ality cascades and chiSB-resolution of naked singularities,” JHEP 0008, 052 (2000)
[arXiv:hep-th/0007191].
28
